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Intrduction
1. $\mathbb{C}^{n}$ $I\mathrm{t}^{f}$ $K$
2. $\mathbb{R}’$’ $C^{\prime \mathrm{t}t}$
1. $\mathbb{C}$ Rmge (Theorcm 1.1
[7] $)$ Runge Mergelyan (Theorem
12 [5] $)$ $\mathrm{O}\mathrm{k}\mathrm{a}$-tVeil (Theorcm 13)
2. Weierstrass
$\mathbb{R}$ Carleman ( [1])
$\mathbb{R}^{n}$ A. Sakai (Theoreni 15
[8] $)$
1 A. Sakai $\mathbb{C}$
,-\llcorner (Theorem 16)
A. Sakai L. H\"omander $i$ J. Wermer $\lfloor 2r$ ] $L^{2}$
$L^{2}$ .$\text{ }$
$\mathbb{C}^{n}$
$\mathbb{C}^{\iota}$’ ( ) $V$
$V$
Siu [9] $($Theore.m $2.2)_{\text{ }}$
$\mathbb{C}^{m}\mathrm{x}\mathbb{R}^{n}$
(Theorem 23, [4])







$U$ $\mathbb{C}$ $U$ $f$
$U$ $f(z1$, $\{p_{n}(z)\}_{n=1}^{\infty}$
$U$ $\mathbb{C}$ $\mathbb{C}\backslash U$ $\mathbb{C}\backslash U$
$\mathrm{A}_{0_{\dot{\prime}}}’I\acute{\mathrm{t}}_{1},$
$\ldots,$
$I\iota_{n}^{r}\dot,$ ($K_{0}$ ) $z_{1},$ $\cdots,$ $z_{n},$ $z_{i}\in K_{\mathrm{i}}$





If $\mathbb{C}$ $K$ $K$
$f$ $K$ –^
Theorem 1.3 (Oka-Weil)




$\mathbb{R}^{n}$ $U$ $U$ $f$ $C^{\Gamma}$ (eychaustion
funtion) [ $r$ $\{x\in U_{1}.f(x)<r\}$ $U$
$\bullet$
$\mathbb{C}^{n}$ $C^{2}$ $f$ Levi-form , $L[f\mathrm{i}\xi]$
$L[f; \xi]=\sum_{j,k}\frac{\partial^{2}f}{\partial z_{j}\partial_{\sim k}^{\eta}-}\backslash \mathrm{f}_{j}\xi_{k}^{-}$
$(\xi\in \mathbb{C}^{n})$
$\bullet$
$\mathbb{C}^{n}$ $I$ (totaly real) $I$ $U$ $U$ $C^{\mathit{2}}$
$\rho$ $I=\{z\in U;\rho(z)=0\},$ $L[\rho;\xi]>0$
$\mathbb{C}^{n}$ $\mathbb{R}^{n}$ ,
$\mathbb{R}^{r\iota}=\{(z_{1}, \cdots, z_{n})\in \mathbb{C}^{n} ; {\rm Im} z_{1}={\rm Im} z_{2}=\cdots={\rm Im} z_{n}=0\}$
$\mathbb{C}^{n}$
$\rho(z)=\sum_{:}({\rm Im} z_{i})^{2}$ G $\mathbb{R}^{n}=\{z\in \mathbb{C}^{n} ; \rho(.z)=0\}$ $\mathrm{A}\mathrm{a}$ ]
$\bullet$
$\mathbb{C}^{n}$ $A$ $C(A)$ $A$
$\bullet$ $A\subset \mathbb{C}^{n}$ $C^{\alpha}(A)$ $A$ $C^{\alpha}$
$(\alpha\in \mathrm{N}\cup\{\infty\})$
$\bullet$
$\mathbb{C}^{n}$ $U$ $O(U)$ $U$
$\bullet$
$\mathbb{C}^{n}$ $K$ $H(K)$ $K$ $K$




$\hat{H}(K\cross I)=$ {$F;F$ $K\cross I$ , $F(\cdot,$ $t)\in H(K)$ }
Theorem 1.5(Sakai)




$U$ $C^{2}$ $I$ $L[\rho;\xi]>0$
$I=\{z;\rho(z)=0\}$
$\bullet$ $\sigma$ [ $C^{2}$ $U$
$\bullet U$ $L[ \rho;\xi]\geq\frac{1}{\sigma}L[\sigma^{2} ; \xi]$
$C(I)=H(I)$
Theorem 1.6








$\hat{H}(K\cross I)\subset H(K\cross I)$
$F\in\hat{H}(K\cross I),$ $\epsilon>0$ $K\cross I$ $f$ $K\cross I$
$|F(z, w)-f(z, w)|<\epsilon$
$I\acute{\iota}\cross$ $F$ $K\cross I$ $\delta>0$
$t,t’\in I,$ $|t-t’|<\delta$ $|F(z,t)-F(z, t’)|<\epsilon/3$ o
$\{V_{i}\}_{i=1}^{m}$ $\sup\{|z-z’|;z, z’\in V_{i}\}<\delta,$ $I\subset\cup V_{i}$ $I$
$\{\rho_{i}\}$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\rho_{i}\subset V_{l}$. 1 ( $\rho_{i}\in C^{\infty}(\mathbb{C}^{n}),$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\rho_{i}\subset V_{\dot{l}}$




$K\cross I\mathrm{h}|F(z, t)-F](z,$ $t\ovalbox{\tt\small REJECT}<\epsilon/3$ $F(\cdot, t)arrow H(K)$











$K\cross I$ $|F_{2}(z, t)-f(z, t)|<\epsilon/3$ o
$f$ $D\cross U$ $K\cross I_{-}\mathrm{k}|F(z, t)-f(z, t)|<\epsilon$




$K,$ $I,$ $U,$ $p,$ $\sigma$ Theorem 16
$\mathbb{R}$ $C^{\infty}$ $\lambda$ $[-\infty, 1]$ $\lambda(t)=1,$ $[1,2]$ $0\leq\lambda(t)\leq 1$ ,
$[2, \infty]$ $\lambda(t)=0$
$\lambda_{m}(w)=\lambda(\sigma(‘ w.)/m)$ $\hat{\rho}(w)=a\rho(w),$ $(a= \sup(|\lambda’|+2|\lambda’’|+1))$
$G_{r}=\{w\in \mathbb{C} ; \sigma(w)<r\}$ ( $G_{r}$ [ $U$ )
$\rho_{0}(w)=\hat{\rho}(w)\underline{\rho_{m}(w},)=\hat{\rho}(w)-m\lambda_{m}(w)$ ( $L(\rho_{m} ; \xi)>0$
$)$ $J_{m}=\{w\in G_{2m+3;}\rho_{m}(w)<0\}$ $\text{ }$
1. $f\in C$“(U) $f|_{J_{0}}\in H(J_{0}, U)$
2. $f\in C^{\infty}(U)$ $\overline{G_{2m}’}$ $f$ $f|_{J_{m}}\in H(J_{m}, U)$
A. Sakai [8] Lemma 2
Lemma L9
$K,$ $I,$ $U,$ $G_{r},$ $J_{m}$ Lemma 18
$\Omega 0,$ $\Omega_{1},$
$\cdots,$
$\Omega_{l}$ $\mathbb{C}\backslash K$ ( $\Omega_{0}$ )
$\{z_{i}\}_{i=1}^{l}$. $z_{i}\in U_{i}$ [ $r_{i}>0$ $\{z;|z-z_{i}|\leq r_{i}\}\cap K=\emptyset$
$K$ $D_{\ovalbox{\tt\small REJECT}}D’$




1. $F\in\hat{H}(\overline{D}j\prec I_{0})$ $F\in H(\overline{D}\cross J_{0}, D^{J}\cross \mathbb{C})$
2. $F\in C(\mathbb{C}\cross U)$ $\overline{D}\cross\overline{G_{2m}’}$ $F|_{\overline{D}}$ $I_{m}\in\hat{H}(\overline{D}\cross I_{m})$
$F|_{\overline{D}\cross J_{\pi}}$. $\in H(\overline{D}\cross J_{m}, D’\cross \mathbb{C})$
Pfoof
1. Lemma 17
2. $C(\mathbb{C}\cross U)$ $F$ .–$D$ $\mathrm{x}G_{2m}$ $F|_{\overline{D}\mathrm{x}I_{m}}\in\hat{H}(\overline{D}\cross I_{m})$
Runge $H(\overline{D})$ $\overline{D}$
$\sum_{j=0}^{m}a_{\{\mathrm{I},j}(w)z^{j}+\sum_{i=1}^{n}(\sum_{j=1}^{m}\frac{a_{i,j}(w)}{(_{\sim\sim i}i^{f-})^{j}},)$
$m\in \mathrm{N},$ $\alpha_{\dot{*},j}\in C^{\infty}(U)$
, $\beta_{i,j}\in \mathcal{O}(U)$
$F_{1}$ $(.z, w)= \sum_{j=0}^{m}\alpha_{0,j}(w)z^{j}+.\sum_{1=1}^{l}.(\sum_{j=1}^{m}\frac{\alpha_{i,j}(w)}{(\approx-z_{i})^{j}})$
$F_{2}(z, w)= \sum_{j=0}^{m}\beta_{0,j}(w)z^{j}+\sum_{i=1}^{l}(\sum_{j=1}^{m}\frac{\beta_{i,j}(w)}{(_{\tilde{O}},--z_{i})^{j}})$
$\overline{D}\cross I_{m}$ $|F-F_{1}|< \frac{\overline{6}}{3},$
$\overline{D}\mathrm{x}\overline{G_{2m}’}$ $|F-F_{2}|<\check{\frac{}{3}}$
.





$F\cross J_{m}$ $|F(z, w)-F_{3}.(z, w)|<(2\epsilon)/3$ .
$u_{i,j}$ $u_{i,j}$ u\in C’’(U) $\overline{G_{2m}}$
$\mathrm{R}^{1}1_{\text{ }}$ Lemma L8 $v_{j,j}\in \mathcal{O}(U)$ $J_{m}$ }-.









$F\in C(\mathbb{C}\cross U)$ $\overline{D}\mathrm{x}\overline{G_{2m}}$





$\hat{H}(K\cross I)$ $F$ $\epsilon>0$ $\hat{H}(\overline{D}\cross I)$ $F_{0}$
$K\cross I$ $|F(z, t)-F_{0}(z, t)|<\epsilon$ \dagger$\sqrt$ ‘
$F\in\hat{H}(K\cross I)$ $F$ $I$ $\{V_{i}\}_{i\in}\mathrm{z}$
$w,$ $w’\in V_{i}\cap I$ $|F(z, w)-F(z, w’)|< \frac{\epsilon}{2}$
$w_{j}\in V_{i}$ $w\in V_{i}$ (
$|F(z, \mathrm{e}v)-F(.z, w_{i})|<\frac{\epsilon}{2}$
$\rho_{i}(w)\in C$“(I), $0\leq\rho:(w)\leq 1$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\rho i\subset V_{i}$ 1
$F_{1}(z, w)= \sum\infty F(z, w_{i})\rho_{i}(w)$
$i=-\infty$
$K\mathrm{x}I$ $|F(z, u’)-F_{1}(z, w)|<\epsilon/\underline{9}$
$F(z, w_{i})\in H(K)$ Runge $f_{i}\in H(\overline{D})$ $K\mathrm{f}_{-}$
$|F(z, w_{i})-f_{i}(z)|<\epsilon/2$
$F_{0}(z, w)= \sum_{i=-\infty}^{\infty}f_{i}(z)\rho_{i}(w)$
$F_{0}\in\hat{H}(\overline{D}\cross I)$ $K\cross I$ $|F_{1}(z, w)-F_{0}(z, w)|<\epsilon/2$
$K\cross I$ $|F(z, w)-F_{0}(z, w)|<\epsilon$
$\mathrm{f}_{-}$ $\hat{H}(K\mathrm{x}I)$ $F$ $\epsilon>0$ $\hat{H}(\overline{D}\cross I)$ $F_{0}$
$K\cross I$ $|F(z,w)-F_{0}(z, w)|<\epsilon$
Lemma 1.11
$D,$ $D’,$ $U,$ $I_{m}$ Lemma 19 $\hat{H}(\overline{D}\cross I^{\cdot})$ $\hat{F}$
$D’\cross U$ $F_{m}$
1. $\overline{D}\cross I_{m}$
$|\hat{F}(z, w)-F_{1n}(z, w)|<\epsilon_{m}$ $c.m=( \underline{\frac{1}{9}}-\frac{1}{2^{m+2}})\epsilon$
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2. $\overline{D}\cross(\overline{G_{2m-2}}\cap J_{m-1})$






$F_{0}\in \mathcal{O}(D’\mathrm{x}U)$ $\overline{D}\cross I_{0}$ $|\hat{F}(z,w)-F_{0}(z, w)|<\epsilon/4$
Lemma 17 $F_{0}$ Lemma
2. $m\leq k$ Lerruna
$\overline{D}\cross I_{k}$. $|\hat{F}(z,w)-F_{k}(z,w)|<\epsilon_{k}$ $I_{k}\cup\overline{G_{2k+2}}$ $V_{k}$
$\overline{D}\cross(I_{k+1}\cap V_{k})$ $|\hat{F}(z, w)-F_{k}(z,w)|<\epsilon_{k}$ .
$\rho_{k}\in C^{\infty}(U, [0,1])$
$\bullet$ $I_{k}\cup\overline{G_{2k+2}}$ $\rho_{k}(.w)=1$
$\bullet$ Sllpp. $\rho_{k}\subset V_{k}$
J
$\hat{F}_{k}.(z, u\})=\rho_{k}(w)F_{k}(z, w)+(1-\rho_{k}(w))\hat{F}(z, w)$
F^k $\overline{G_{2k+2}}$ 1 $\overline{D}\cross I$ $|\hat{F}_{k}(z, w)-\hat{F}(.z, w)|<\epsilon_{k}$
Lemma 15. $F_{k+1}\in \mathcal{O}(D’\cross U)$ $\overline{D}\cross J_{k+1}$
$|F_{k+1}(z, w)- \hat{F}_{k}(z, t)|<\frac{\epsilon}{2^{k+3}}$
$\overline{D}\cross I_{k}$
$|\hat{F}(z, t)-F_{k+1}.(z,t)|\leq|\hat{F}(z, t)-\hat{F}_{k}(z, t)|$ . $+|\hat{F}_{k}(z, t)-F_{k+1}(z,t)|$
$< \epsilon_{k}+\frac{\epsilon}{2^{k+3}}=\epsilon_{k+1}$
$\overline{D}\cross\overline{G_{2k+2}’}$ $F_{k}(z, w)=\hat{F}_{k}(z, w)$ [ $\overline{D}\cross J_{k}$ $|\hat{F}_{k}(z, w)-$
$F_{k+1}(z, w)|<\epsilon/2^{k+3}$ $\overline{D}\cross(\overline{G_{2k+2}}\cap J_{k+1})$
$|F_{k}(z, w)-F_{k+1}(z, w)|< \frac{\epsilon}{2^{k+3}}$
$m=k+1$ Lemma
Lemma
Proof of Theorem 1.6
$D,$ $D’,$ $U,$ $G_{r},$ $J_{m},$ $I_{m}$
$\hat{H}(\overline{D}\cross I)=$ { $F\in\hat{H}(\overline{D}\cross I);g\in \mathcal{O}(D\cross U)$ $F|o\mathrm{x}I=g|D\mathrm{x}I$} (1)
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$F\in\hat{H}(\overline{D}\cross I)$ $\epsilon>0$ $D\cross I[perp]$
.







$\bullet$ $\overline{D}\cross I-\}_{--}|F(z, u))-\hat{F}(z, \tau\iota))|<\epsilon/2$
$\hat{F}$
Lemma 1.11 $D’\cross U$ $F_{m}$
1. $\overline{D}\cross I_{m}$




$A_{0}\subset A_{1}\subset\cdots\subset A_{m}\subset A_{m+1}\subset\cdots$ $m=0\cup A_{m}=\overline{D}\cross l^{\gamma}\infty$
$0$
$A_{m}$ $|F_{m}(z, w)-F_{rn+1}(z, w)|<\epsilon/2^{m+3}$ $F_{m}$ $\overline{D}\cross U$
$\hat{g}$ $F_{m}$ $.\hat{q}$ $D\cross U$ $\hat{g}|_{D\cross}u=g$
$w\in I$ $w\in\overline{G_{2m}}$ $m\in \mathrm{N}$
$(z, w)\in\overline{D}\mathrm{x}I$ (
$|F(z, w)-\hat{g}(z, u))|\leq|F(z, w)-\hat{F}(z, \tau v)|+|\hat{F}(z, w)-\hat{g}(z, w)|$











$I\dot{\iota}^{-}$ $I\mathrm{i}^{-}$ $U$ $K$
$V$ $K\subset V\subset U$
Definition2.2(Stein )
$M$ $S$ Stein $\mathbb{C}^{r}$
$S’$ $S$ $S’$
Theorem 2.3(Siu)
$M$ $S$ $M$ Stein $S$
$\mathbb{C}^{n}$
Theorem 2.4 (Kazama)
$n,$ $m\neq 0$ $\mathbb{C}^{m}\cross \mathbb{R}^{n}$ $\mathbb{C}^{m+n}$
Theorem 2.5
$U$ $\mathbb{C}$ $D\subset \mathbb{C}$ $\overline{U}\cross\overline{D}$
$\mathbb{C}^{2}$
Le $\mathrm{m}\mathrm{m}\mathrm{a}$ $26$
$U,$ $D$ Thcorem 2.4
$z\in \mathbb{C},$ $0<r<\infty$ G $B(z_{0}, r)=\{z\in \mathbb{C};|z-z_{0}|<r\}$
$z_{*}$
. $\in \mathbb{C},$ $0<r:<\infty,$ $(i=1,2, \cdots)$
1. $\lim_{*arrow\infty}.|z_{i}|=\infty$
$2$ . $\overline{B(z_{\mathrm{i}},r_{i})}\subset U$
3. $B(z_{i+1}, \frac{1}{2}r_{1+1}.)\subset E(z_{i},$ $\frac{3}{4}$ r
$V\subset \mathbb{C}^{2}$ $\overline{U}\cross\overline{D}$ $z\in\overline{U}$ $V_{z}$
$V_{z}=\{w\in \mathbb{C};(z, w)\in V\}$
( $V_{z}$ $\overline{D}$ ) $d_{V}(z)$
$d_{V}(z \dot{)}=\inf\{|w-w’|;w\in\overline{D}, w’\not\in V_{w}\}$
$\epsilon=\min\{1,$ $\inf\{d_{V}(z);z\in\overline{B(z_{1},r_{1}.)}\}\}$ $dv(zi)\leq\epsilon c^{n-1}$
$c\in(0,1)$
Proof
$V$ $B(z_{1}, r_{1})$ $\epsilon>0$
$B(z_{1}, r_{1})\cross B(0,1+\epsilon.)\subset V$ $B(z_{2}, \frac{1}{2}r_{2})\subset B(z_{1}, \frac{3}{4}r_{1})$
$B(z_{2}, \frac{1}{2}r_{2})\cross B(0,1+\epsilon)\subset V$
$B(z_{2},\underline{\frac{1}{9}}r_{2})\cross B(0,1+\epsilon)\cup B(z_{2}, r_{2})\cross B(0,1)\subset V$
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$B(z_{2}, \ovalbox{\tt\small REJECT} r_{2})\cross B(0,1+\epsilon)\mathrm{U}B(z_{2}, r_{2})\cross B(0,$ $\mathfrak{y}$ $(z_{2},0)$
Reinitardt $V$
$\{(z_{\backslash ,\prime}w)\in \mathbb{C}^{2}$ ; $|z-z_{2}|<r_{2},$ $|w|<1+\epsilon,$ $|w|<(1+\epsilon)^{(1\text{ }\mathrm{g}r_{2}-\log|z-z_{2}|)/1\text{ }\mathrm{g}2}\}\subset V$
$B(z_{2}, \frac{3}{4}r_{2})\mathrm{x}B(0, (1+\epsilon)^{a})\subset V$ , ( $a=2-(\log 3)/(\log_{\sim}^{\eta})$ )
$\epsilon\leq 1$ $c\in(0,1)$ $(1+\epsilon)^{a}\geq 1+c\epsilon$
$B(z_{2},1+c\epsilon)\subset V$ $d_{V}(z_{2})\geq c\epsilon$
$dv(z_{3})\geq c^{2}\epsilon$ } $dv(z_{n})\geq c^{n-1-}.\cdot$
Lemma 25
Proof of Theorem 2.4
$\{z_{i}\},$ $d_{V}(z)$ Lemma 25
$g\in C([0, \infty))$
$\bullet g(t)>0$
$\bullet$ $t \geq\max\{|z_{1}|, |z_{2}|, \cdots, |z_{n}|\}$ $g(t)<c^{n-1}e^{-n}$
$\lim_{iarrow\infty}|z_{i}|=\infty$ $g$ $g$
$A\subset \mathbb{C}^{2}$
$A=\{(z, w)\in \mathbb{C}^{2}$ ; $|w|<1+g(|z|$
$A$ $\overline{[\Gamma}\cross\overline{D}$
$\overline{U}\cross\overline{D}$ $V$ $\overline{U}\cross\overline{D}\subset V\subset A$
Lemma 25 $\epsilon>0$ $d_{V}(z_{n})\geq c^{n-1}\epsilon$








$\overline{U}\cross \mathbb{R}=\{(z, \iota\iota))\in \mathbb{C}^{2} ; z\in\overline{U}, {\rm Im} w=0\}$
Proof
$U$ $U’$ $\overline{U’}\subset U$
$a,$ $c,$ $z_{n}\in U’,$ $g\in C([0, \infty))$ Lemma 25, Theorem 2.4




$\bullet\overline{B(z_{i},r_{i})}\subset U$’. $B(z_{i+1}, \frac{1}{2}r_{\dot{f}+1})\subset B(.z_{i},\cdot\frac{\mathit{3}}{4}r_{i\grave{)}}$. $g(t)>0$
$\bullet$ $t \geq\max\{|z_{1}|, |z_{9}.|, \cdots., |z_{n}|\}$ $g(.t)<c^{n-1}e^{-n}.$.
$A\tau \mathbb{C}^{2}\sim$
$A=\{(z,w) ; |{\rm Im} w|<g(|z|)\}$
$\overline{U}\cross \mathbb{R}$
$\overline{U}\cross \mathbb{R}\subset V\subset A$ $\overline{U}\cross \mathbb{R}$ $V$
$z\in U$ ( $hv(z)$
$h_{V}(z)= \inf\{y;y>0, (z, iy)\not\in V\}$
$V’\subset \mathbb{C}^{2}$
$V’=\{(z, w)\in V_{f}.z\in U\}\cup\{(z, \mathrm{c}v)\in \mathbb{C}^{2} ; z\in U, {\rm Im} w<0\}$
{ $V’$ $h_{V}(.z)=h_{V’}(z)$
$V’$ $\overline{U’}\cross\overline{B(0,-i)}$
$dv’(z)= \inf\{|w-\tau v’| ; w\in\overline{.D}, ?v’\not\in V_{w}\}$
Lemrna 25 $d_{V’}(z_{n})\geq\epsilon c^{n-1}$ $\epsilon>0$
[ $d_{V’}(z)\leq h_{V’}(z)$
$\epsilon c^{n-1}\leq d_{V’}(z_{n})\leq h_{V’}(z_{n})=h_{V}(z_{n})\leq g(|z_{n}|)<c^{n-1}e^{-n}$
( $V\subset A$ ) $n$ $\epsilon=0$
$\overline{U}\cross \mathbb{R}\subset V\subset A$ $V$ $\overline{U}\cross \mathbb{R}$
Notes and Remarks
$\mathbb{C}$ $K$ $\mathbb{R}$
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